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Abstract
In this paper the notion of Tulczyjew’s triples in classical mechanics is extended to
classical field theories, using the so-called multisymplectic formalism, and a conve-
nient notion of lagrangian submanifold in multisymplectic geometry. Accordingly,
the dynamical equations are interpreted as the local equations defining these la-
grangian submanifolds.
Key words: multisymplectic geometry, Tulcyjew’s triples, lagrangian submanifold,
classical field theory
1 Introduction
In middle seventies, W.M. Tulczyjew [23,24] introduced the notion of special
symplectic manifold, which is a symplectic manifold symplectomorphic to a
cotangent bundle. Using this notion, Tulczyjew gave a nice interpretation of la-
grangian and hamiltonian dynamics as lagrangian submanifolds of convenient
special symplectic manifolds.
The other ingredients in the theory were two canonical diffeomorphisms α :
TT ∗Q −→ T ∗TQ and β : TT ∗Q −→ T ∗T ∗Q. β is nothing but the mapping
obtained by contraction with the canonical symplectic form ωQ, but the defini-
tion of α is more complicated, and requires the use of the canonical involution
of the double tangent bundle TTQ.
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The theory was extended to higher order mechanics by several authors (see for
instance [2,3,6,8,12]). But the extension to classical field theories has not been
achieved up to now. There is a good approach by Kijowski and Tulczyjew [11],
and in fact, the present approach is strongly inspired in that monograph.
The key point is a better understanding of the geometry of lagrangian sub-
manifolds in the multisymplectic setting. A systematic study of the geometry
of multisymplectic manifolds was started by Cantrijn et al at the beginning of
the nineties [7], followed by a pair of papers which clarify that geometry [4,5]
(a more detailed study [18] is in preparation).
A multisymplectic manifold is a manifold equipped with a closed form which
is non-degenerate in some sense. The canonical examples are the bundles of
forms on an arbitrary manifold, providing thus a nice extension of the notion
of symplectic manifold. However, this definition is too general for practical
purposes. Indeed, in order to have a Darboux theorem which would permit
us to introduce canonical coordinates, we need additional properties. In other
words, if we want to deal with multisymplectic manifolds which locally behave
as the geometric models we need to consider multisymplectic manifolds (P,Ω)
with additional structure, given by a 1-isotropic foliation W satisfying some
dimensionality condition, or, even a “generalised foliation” E defined roughly
speaking on the space of leaves determined by W.
The tangent and cotangent functors are now substituted by the jet prolonga-
tion functor and the exterior power functor, respectively, so that we obtain
canonical diffeomorphisms α˜ : J˜1Z∗ −→ Λn+12 Z and β˜ : J˜1Z∗ −→ Λ
n+1
2 Z
∗,
where Z is the 1-jet prolongation of the fibred manifold Y −→ X , X being
the space-time n-dimensional manifold, and Z∗ is the dual affine bundle of
Z. Here a tilde over a manifold of jets means that we are taking a quotient
manifold in order to have only those elements with the same divergence.
Using a convenient formulation of the field equations with Ehresmann connec-
tions, we construct the corresponding lagrangian submanifolds which encode
the dynamics. Indeed, we present a compact form for the De Donder and field
equations as follows. From the lagrangian density L = Lη (η is a volume
form on X), we construct the Poincare´-Cartan (n + 1)-form ΩL on Z; then
the extremals for L coincide with the horizontal sections of any Ehresmann
connection h in the fibred manifold Z −→ X satisfying the equation
ihΩL = (n− 1)ΩL.
Since a connection in Z −→ X can be interpreted as a section of the 1-
jet prolongation J1Z −→ Z, we have all the ingredients we need. In fact,
the Euler-Lagrange equations are just the local equations defined by a k-
lagrangian submanifold of J˜1Z∗, the latter being a multisymplectic manifold
equipped with the multisymplectic form Ωα dragged via α˜ from the canonical
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one on Λn+12 Z.
A similar procedure can be developed in the hamiltonian setting, but in this
case we would need to choose a convenient hamiltonian form. This hamiltonian
form is obtained through the corresponding Legendre transformation LegL :
Z −→ Z∗. Finally, both sides are related.
2 Lagrangian submanifolds and classical mechanics
2.1 Some prelimaries
Let (V, ω) a finite dimensional symplectic vector space with symplectic form
ω. This means that ω is a 2-form on a vector space V which is non-degenerate
in the sense that the linear mapping
v ∈ V 7→ iv ω ∈ V
∗
is injective (and hence it is a linear isomorphism).
Therefore, V has even dimension, say 2n, and the non-degeneracy is equivalent
to the condition ωn 6= 0.
A linear isomorphism φ : (V1, ω1) −→ (V2, ω2) is called a symplectomorphism
if φ preserves the symplectic forms, say φ∗ω2 = ω1.
Take a subspace E ⊂ V, and define the ω-complement of E as follows:
E⊥ = {v ∈ V | iv∧e ω = 0, for all e ∈ E}.
The subspace E is said to be isotropic (resp. coisotropic, lagrangian, symplec-
tic) if E ⊂ E⊥ (resp. E⊥ ⊂ E, E = E⊥, E ∩ E⊥ = {0}).
An useful characterization of a lagrangian subspace E, is that it is a maximally
isotropic subspace or, equivalently, on a finite dimensional symplectic vector
space, it is isotropic and dimE =
1
2
dimV.
The algebraic model for a symplectic vector space is the following. Given
an arbitrary vector space V we construct VV = V ⊕ V
∗ equipped with the
symplectic form ωV defined by
ωV ((v1, γ1), (v2, γ2)) = γ1(v2)− γ2(v1),
for all (v1, γ1), (v2, γ2) ∈ VV .
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We know that V and V ∗ are lagrangian subspaces of (VV , ωV ). Moreover,
every symplectic vector space (V, ω) is symplectomorphic to (VL, ωL) for any
lagrangian subspace L of (V, ω).
In addition we can prove that a linear isomorphism φ : (V1, ω1) −→ (V2, ω2)
is a symplectomorphism if and only if its graph {(v, φ(v)) | v ∈ V1} ⊂ V1 ×V2
is a lagrangian subspace of the symplectic manifold (V1 ×V2, ω1 ⊖ ω2), where
ω1⊖ω2 = pi∗1ω1− pi
∗
2ω2, pi1 : V1,×V2 −→ V1 and pi2 : V1,×V2 −→ V2 being the
canonical projections.
A symplectic manifold is a pair (P, ω), where ω is a closed 2-form such that
the pair (TxP, ωx) is a symplectic vector space for any x ∈ P. Thus, P has
even dimension, say 2n.
Therefore, given a function f : P −→ R there exists a unique vector field (the
hamiltonian vector field Xf with hamiltonian energy f) such that
iXf ω = df.
Let now piQ : T
∗Q −→ Q be the cotangent bundle of an arbitrary manifold Q.
There exists a canonical 1-form θQ on T
∗Q defined by
θQ(γ)(X) = 〈γ, TpiQ(X)〉
for all X ∈ Tγ(T
∗Q) and for all γ ∈ T ∗Q. θQ is the Liouville 1-form, and in
bundle coordinates (q, p) we have
θQ = pdq.
So, ωQ = −dθQ is a canonical symplectic form on T ∗Q such that ωQ = dq∧dp.
As is well known, Darboux theorem states that any symplectic manifold is
locally symplectomorphic to a cotangent bundle. More precisely, one can find
local coordinates around each point of a symplectic manifold (P, ω) such that
ω = dq ∧ dp.
The following results are the main examples of lagrangian submanifolds.
Theorem 2.1
(i) The image of a hamiltonian vector field Xf on a symplectic manifold
(P, ω) is a lagrangian submanifold of the tangent lift symplectic manifold
(TP, ωT ).
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(ii) The fibres of T ∗Q are lagrangian submanifolds of (T ∗Q, ωQ).
(iii) The image of a 1-form γ on a manifold Q is a lagrangian submanifold of
(T ∗Q, ωQ) if and only if γ is closed.
(iv) Given a diffeomorphism φ : (P1, ω1) −→ (P2, ω2) between two symplectic
manifolds then φ is a symplectomorphism if and only if its graph is a
lagrangian submanifold in the symplectic manifold (P1 × P2, ω1 ⊖ ω2).
There is an important theorem due to A. Weinstein which gives the normal
form for a lagrangian submanifold L in a symplectic manifold (P, ω).
Theorem 2.2 Let (P, ω) be a symplectic manifold, and let L be a lagrangian
submanifold. Then there exists a tubular neighbourhod U of L in P, and a
diffeomorphism φ : U −→ V = φ(U) ⊂ T ∗L into an open neighbourhood V of
the zero cross-section in T ∗L such that φ∗ωL = ω|U , where ωL is the canonical
symplectic form on T ∗L.
2.2 Lagrangian and hamiltonian dynamics
We shall recall the main results, more details can be found in [19].
Let L : TQ −→ R be a lagrangian function. We construct a 2-form ωL by
putting
ωL = −dθL
where θL = S
∗(dL). Here S∗ is the adjoint operator of the canonical vertical
endomorphism S = dq ⊗
∂
∂q˙
. We have omitted the indices of the coordinates,
and used the notation (q, q˙) for the bundle coordinates on the tangent bundle
τQ : TQ −→ Q.
The energy function is defined by
EL = ∆(L)− L
where ∆ = q˙
∂
∂q˙
is the Liouville or dilation vector field.
In local coordinates we have
ωL = dq ∧ dpˆ, EL = q˙pˆ− L,
where pˆ =
∂L
∂q˙
. The lagrangian is regular if and only if the hessian matrix
(
∂2L
∂q˙i∂q˙j
)
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is non-singular, where i, j = 1, . . . , n = dim Q.
We have that L is regular if and only if ωL is symplectic. In such case, there
is a unique vector field ξL satisfying the equation
iξL ωL = dEL. (2.1)
ξL is a second order differential equation on TQ such that its solutions (the
curves in Q whose lifts to TQ are integral curves of ξL) are just the solutions
of the Euler-Lagrange equations for L:
d
dt
(
∂L
∂q˙
)
−
∂L
∂q
= 0. (2.2)
Let now H : T ∗Q −→ R be a hamiltonian function. We denote by XH the cor-
responding hamiltonian vector field with respect to ωQ. In bundle coordinates
we have
XH =
∂H
∂p
∂
∂q
−
∂H
∂q
∂
∂p
Therefore, the integral curves (q(t), p(t)) of XH satisfy the Hamilton equations
dq
dt
=
∂H
∂p
dp
dt
=−
∂H
∂q
The lagrangian and hamiltonian formalisms are connected through the Legen-
dre transformation. More precisely, given a lagrangian function L : TQ −→ R
we define a fibred mapping LegL : TQ −→ T ∗Q over Q by
LegL(q, q˙) = (q,
∂L
∂q˙
).
We know that L is regular if and only if LegL is a local diffeomorphism. For
simplicity, we will assume that L is hyperregular, which means that LegL is a
diffeomorphism. In such case, LegL is in fact a symplectomorphism and, there-
fore, ξL and XH are LegL-related, when H = EL ◦ LegL
−1. As a consequence,
the Euler-Lagrange equations are translated into the Hamilton equations via
LegL.
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2.3 Dynamics as lagrangian submanifolds
In [23,24] W.M. Tulczyjew defined two canonical diffeomorphisms
α :TT ∗Q −→ T ∗TQ
β :TT ∗Q −→ T ∗T ∗Q
locally given by
α(q, p, q˙, p˙) = (q, q˙, p˙, p)
β(q, p, q˙, p˙) = (q, p,−p˙, q˙)
with the obvious notations, where we have omitted the indices for the sake of
simplicity.
The second diffeomorphism is nothing but the contraction with the canonical
symplectic form ωQ on T
∗Q. The intrinsic definition of α is more involved,
and we remit to [23] for details. We have the following commutative diagram
which justifies the name of Tulczyjew’ s triple for the above construction:
T ∗TQ TT ∗Q T ∗T ∗Q
T ∗QTQ
✲✛ βα
❅
❅
❅
❅❘
 
 
 
 ✠
❅
❅
❅
❅❘
 
 
 
 ✠
τT ∗Q piT ∗Q
TpiQpiTQ
The manifold TT ∗Q is endowed with two symplectic structures, in principle
different. Indeed, they are ωα = α
∗ωTQ and ωβ = β
∗ωT ∗Q. A direct compu-
tation shows that both coincide up to the sign (say ωα + ωβ = 0), and, in
addition, that the symplectic form ωα is nothing but the complete or tangent
lift ωTQ of ωQ to TT
∗Q.
We denote by θα = α
∗θTQ and θβ = β
∗θT ∗Q, such that ωα = −dθα and
ωβ = −dθβ . In local coordinates we have
θα= p˙dq + pdq˙
θβ =−p˙dq + q˙dp
In fact, TT ∗Q, equipped with the symplectic form ωα = −ωβ = ωTQ is an
example of special symplectic manifold according to the definition introduced
by Tulczyjew in [23].
Definition 2.3 A special symplectic manifold is a symplectic manifold (P, ω)
which is symplectomorphic to a cotangent bundle. More precisely, there exists
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a fibration pi : P −→ M , and a 1-form θ on P, such that ω = −dθ, and
α : P −→ T ∗M is a diffeomorphism such that piM ◦ α = pi and α∗θM = θ.
The following is an important result for our discussion.
Theorem 2.4 Let (P, ω = −dθ) an special symplectic manifold, let f :M −→
R be a function, and denote by Nf the submanifold of P where df and θ co-
incide. Then Nf is a lagrangian submanifold of (P, ω) and f is a generating
function.
Theorem 2.4 applies to the particular case of Mechanics. Indeed, if we consider
a lagrangian function L : TQ −→ R we obtain a lagrangian submanifold NL
of the symplectic manifold (TT ∗Q, ωα) with generating function L.
Now, assume that H : T ∗Q −→ R is a hamiltonian function, with hamiltonian
vector field XH .
We have the following results.
Theorem 2.5
(i) The image of XH is a lagrangian submanifold of (TT
∗Q, ωα).
(ii) The image of dH is a lagrangian submanifold of (T ∗T ∗Q, ωT ∗Q).
(iii) β(Im XH) = Im dH.
Finally, we relate both lagrangian submanifolds NL and Im XH .
Theorem 2.6 Let H be the hamiltonian function corresponding to the hy-
perregular lagrangian function L, say H = EL ◦ Leg
−1
L . Then we have NL =
Im XH .
3 Multisymplectic manifolds and their lagrangian submanifolds
3.1 Multisymplectic vector spaces
Definition 3.1 Let Ω be a (k + 1)-form on a vector pace V. The pair (V,Ω)
is called a multisymplectic vector space if the form Ω is non-degenerate, that
is, the linear mapping
v ∈ V 7→ ivΩ ∈ Λ
kV∗
is injective. The form Ω is called multisymplectic.
Let (V1,Ω1) and (V2,Ω2) be two multisymplectic vector spaces (of the same
order (k + 1)) and let φ : (V1,Ω1) −→ (V2,Ω2) be a linear isomorphism.
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Definition 3.2 φ is called a multisymplectomorphism if it preserves the mul-
tisymplectic forms, i.e. φ∗Ω2 = Ω1.
Example 3.3 Let V be an arbitrary vector space and consider the direct
product VV = V × ΛkV ∗. Define a k-form ΩV on VV as follows:
ΩV ((v1, γ1), . . . , (vk+1, γk+1)) =
k∑
i=1
(−1)iγi(v1, . . . , vˇi, . . . , vk+1),
for all (vi, γi) ∈ VV , i = 1, . . . , k+1, where a check accent over a letter means
that it is omitted. A direct computation shows that ΩV is indeed multisym-
plectic.
If E is a vector subspace of V , we consider the subspace VrV = V × Λ
k
rV
∗,
where ΛkrV
∗ denotes the space of k-forms on V vanishing when applied to at
least r of their arguments from E. Of course, VrV equipped with the restriction
ΩrV of ΩV to V
r
V is a multisymplectic vector space. If E = {0} we recover VV .
Let (V,Ω) be a multisymplectic vector space of order k + 1, and W ⊂ V a
vector subspace. We define
W⊥,l = {v ∈ V | iv∧w1∧···∧wlΩ = 0, for all w1, . . . , wl ∈ W}.
Definition 3.4 W is said to be
(i) l-isotropic if W ⊂W⊥,l;
(ii) l-coisotropic if W⊥,l ⊂ W;
(iii) l-lagrangian if W =W⊥,l;
(iv) multisymplectic if W ∩W⊥,k = {0};
Proposition 3.5 A subspace W is l-lagrangian if and if it is l-isotropic and
maximal.
Proposition 3.6 Let V an arbitrary vector space. Then:
(i) V is a k-lagrangian subspace of VV and VrV , for all r;
(ii) ΛkV ∗ (resp. ΛkrV
∗) is a 1-isotropic subspace of VV (resp. V
r
V ).
Proof:
(i) A direct computation shows that
V ⊥,k = {(x, γ) | ΩV ((x, γ), (x1, 0), . . . , (xk, 0)) = 0, for all x1, . . . , xk}
which is equivalent to the condition γ(x1, . . . , xk) = 0 for all x1, . . . , xk ∈ V ,
and therefore γ = 0. Hence V ⊥,k = V .
The same proof holds for VrV .
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(ii) We have to prove that
ΛkV ∗ ⊂ (ΛkV ∗)⊥,1
which is obvious because
i(0,γ1)∧(0,γ2)ΩV = 0.
The same argument works for VrV .
Remark 3.7 In addition, notice that
(ΛkV ∗)⊥,1 = ΛkV ∗
which implies that ΛkV ∗ is in fact 1-lagrangian.
Theorem 3.8 [20,21] Let (V,Ω) be a multisymplectic vector space and W ⊂
V a 1-isotropic subspace such that dimW = dimΛk(V/W)∗ and dimV/W >
k. Then there exists a k-lagrangian subspace V of V which is transversal to W
(i.e. V ∩ W = {0}) such that (V,Ω) is multisymplectomorphic to the model
(VV ,ΩV ).
Proof: First step: Define the mapping
ι :W−→Λk(V/W)∗
v 7→ ι(v) = i˜vΩ
where i˜vΩ is the induced linear form from ivΩ ∈ ΛkV∗. Notice that i˜vΩ is
well-defined because the isotropic character of W. In addition, ι is a linear
isomorphism because of the regularity of Ω.
Second step: Such a subspace W is unique. First of all, we shall prove that if
u, v ∈ V are linearly independent vectors satisfying iu∧v Ω = 0, then span (u, v)∩
W 6= {0}. Otherwise, we could choose v1, . . . , vk−2 ∈ V with vi /∈ W such that
{u, v, v1, . . . , vk−2} are linearly independent and span (u, v, v1, . . . , vk−2)∩W =
{0}, because the codimension of W is at least k. But for any w ∈ W we
would have iw∧u∧v∧v1∧···∧vk−2 Ω = 0 which contradicts the fact that ι : W −→
Λk(V/W)∗ is an isomorphism.
Next, let W and W ′ be two subspaces of V satisfying the hypothesis of the
theorem. Assume that W 6= W ′; then, there exists v ∈ W ′ such that v /∈ W.
Using the argument above, we deduce that W ∩W ′ has dimension at least 1.
Consider the subspace Z = pi(v)∧Λk−1(V/W) of Λk(V/W), where ΛrV is the
space of r-vectors on V, and pi : V −→ V/W is the canonical projection. Of
course, dimZ > 1, and we have ι(w)(z) = 0 for any w ∈ W ∩W ′ and for any
z ∈ Z. Hence we would have w ∈ ker ι.
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Third step: There exists a k-lagrangian subspace V such that V = W ⊕ V .
Obviously, there are k-isotropic subspaces U such that U ∩W = {0}. To show
this last assertion, one could take a vector v ∈ V such that u /∈ W. It is
obvious that span (u) is k-isotropic.
Assume that U ⊕W = V. Then W ∩U⊥,k ⊂ ker ι and hence W ∩U⊥,k = {0}.
Therefore U = U⊥,k, and U is k-lagrangian.
Suppose now that U ⊕ W 6= V, then U 6= U⊥,k; indeed, if U = U⊥,k (that
is, if U were k-lagrangian) then there would be a vector x ∈ V such that
x /∈ U ⊕ W, and then U ⊕ span (x) would be k-isotropic in contradiction
with the maximality of U . Therefore, there is a vector v ∈ U⊥,k such that
v /∈ U ∪W, and we would have a k-isotropic subspace U ′ = U ⊕ span (u) such
that U ′ ∩ W = {0}. If U ′ ⊕ W 6= V, we can repeat the argument and will
eventually arrive at a k-isotropic subspace V which is complementary to W.
And using the argument above, we conclude that V is in fact k-lagrangian.
Fourth step: Define a linear mapping
φ :W −→ ΛkV ∗
φ(w) = −
1
k + 1
(iwΩ)|V
A direct computation shows that φ is an isomorphism. Next, we define
ψ :V −→ V × ΛkV ∗
ψ(v, w) = (v, φ(w))
which is also an isomorphism such that ψ∗ΩV = Ω.
Remark 3.9 A direct application of Theorem 3.8 shows that there exists a
basis (a Darboux basis) {e1, . . . , en, fα1...αk} such that {ei} is a basis of V and
{fα1...αk} is a basis of W satisfying the relations
ifα1...αkΩ = e
∗
α1
∧ · · · ∧ e∗αk
where {e∗1, . . . , e
∗
n} denotes the dual basis of {e1, . . . en}. Therefore we have
Ω =
∑
α
f ∗α1...αk ∧ e
∗
α1
∧ · · · ∧ e∗αk (3.3)
where {f ∗α1...αk} is the dual basis of {fα1...αk}.
Definition 3.10 A triple (V,Ω,W) satisfying the hypothesis in Theorem 3.8
will be called a multisymplectic vector space of type (k + 1, 0).
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Theorem 3.11 Let (V,Ω) be a multisymplectic vector space and W ⊂ V a 1-
isotropic subspace. Assume that E ⊂ V/W is a vector subspace of the quotient
vector space V/W. Let us denote by pi : V −→ V/W the canonical projection.
Assume that
(i) iv1∧···∧vr Ω = 0 if pi(vi) ∈ E , for all i = 1, . . . , r;
(ii) dimW = dimΛkr(V/W)
∗, where the horizontal forms are considered with
respect to the subspace E ;
(iii) dim(V/W) > k.
Then there exists a k-lagrangian subspace V of V which is transversal to W
(i.e., V ∩W = {0}) such that (V,Ω) is multisymplectomorphic to the model
(VrV ,Ω
r
V ).
Proof: First, we define the linear isomorphism
ι :W −→ Λkr(V/W)
∗
w 7→ ι(w) = i˜wΩ
where i˜wΩ is the induced k-form using thatW is isotropic and that Ω satisfies
the first condition above.
Next, one follows the arguments given in the proof of Theorem 3.8.
Remark 3.12 A direct application of Theorem 3.11 shows that the multi-
symplectic form Ω can be written as the canonical multisymplectic form ΩrV
on VrV by choosing a convenient Darboux basis.
Definition 3.13 A triple (V,Ω,W, E) satisfying the hypothesis in Theorem
3.11 will be called a multisymplectic vector space of type (k + 1, r).
Let (V1,Ω1) and (V2,Ω2) be two multisymplectic vector spaces of order k+1.
Take the direct product V1 × V2 endowed with the (k + 1)-form Ω1 ⊖ Ω2 =
pi∗1Ω1 − pi
∗
2Ω2, where pi1 : V1 × V2 −→ V1 and pi2 : V1 × V2 −→ V2 are the
canonical projections. Then (V1 × V2,Ω1 ⊖ Ω2) is a multisymplectic vector
space.
Proposition 3.14 Let (V1,Ω1) and (V2,Ω2) be two multisymplectic vector
spaces of order (k + 1) and φ : V1 −→ V2 a linear isomorphism. Then φ is a
multisymplectomorphism if and only if its graph is a k-lagrangian subspace of
the multisymplectic vector space (V1 × V2,Ω1 ⊖ Ω2).
Proof: We recall that
12
(graphφ)⊥,k= {(x, y) ∈ V1 × V2 | (Ω1 ⊖ Ω2)((x, y), (x1, φ(x1)), . . . , (xk, φ(xk)) = 0,
∀x1, . . . , xk ∈ V1}
Assume that φ∗Ω2 = Ω1, then if (x, φ(x)) ∈ graphφ, we have
(Ω1 ⊖ Ω2)((x, φ(x)), (x1, φ(x1)), . . . , (xk, φ(xk))
= Ω1(x, x1, . . . , xk)− Ω2(φ(x), φ(x1), . . . , φ(xk))
= Ω1(x, x1, . . . , xk)− φ
∗Ω2(x, x1, . . . , xk)
= 0
which implies that graphφ ⊂ (graphφ)⊥,k.
Conversely, if graphφ is k-isotropic, we have (x, φ(x)) ∈ (graphφ)⊥,k for all
x ∈ V1, and therefore φ∗Ω2 = Ω1.
In addition, if graphφ is k-isotropic, it is also k-lagrangian. In fact, if (x, y) ∈
(graphφ)⊥,k then we have
Ω2(φ(x)− y, φ(x1), . . . , φ(xk)) = 0
for all x1, . . . , xk ∈ V1 and therefore y = φ(x) because of the regularity of the
multisymplectic form Ω2 and the fact that φ is an isomorphism.
3.2 Multisymplectic manifolds
Definition 3.15 A multisymplectic manifold (P,Ω) is a pair consisting of a
manifold P equipped with a closed (k+1)-form Ω such that the pair (TxP,Ωx)
is a multisymplectic vector space for all x ∈ P. The form Ω is called multi-
symplectic.
Example 3.16 Let ΛkM be the space of k-forms on an arbitrary manifold
M , and denote by ρ : ΛkM −→ M the canonical projection. We define a
canonical k-form ΘkM on Λ
kM as follows:
ΘkM(γ)(X1, . . . , Xk) = γ(TρX1, . . . , T ρXk),
for all X1, . . . , Xk ∈ Tγ(ΛkM) and for all γ ∈ ΛkM .
A direct computation shows that (ΛkM,ΩkM = −dΘ
k
M) is a multisymplectic
manifold (of order k + 1).
Assume now thatM is a fibred manifold over a manifoldN , say pi :M −→ N is
a fibration. Consider the bundle ΛkrM of k-forms on M which are r-horizontal
with respect to the fibration pi : M −→ N , that is, those k-forms γ on M
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such that iX1∧···∧Xr γ = 0 when X1, . . . , Xr are pi-vertical. The space Λ
k
rM is
a submanifold of ΛkM , and hence we have the restriction (ΘM)
k
r of Θ
k
M to
ΛkrM . A simple computation shows that the pair (Λ
k
rM, (ΩM)
k
r = −d(ΘM)
k
r)
is also a multisymplectic manifold. Of course, we have (ΩkM)|ΛkrM = (ΩM)
k
r .
The canonical projection will be denoted by ρr : Λ
k
rM −→M t
Following the notion of special symplectic manifold introduced by Tulczyjew
we can give the following definition.
Definition 3.17 A special multisymplectic manifold (P,Ω) is a multisym-
plectic manifold which is multisymplectomorphic to a bundle of forms. More
precisely, Ω = −dΘ, and there exists a diffeomorphism α : P −→ ΛkM (or
α : P −→ ΛkrM), and a fibration pi : P −→ M such that ρ ◦ α = pi (resp.
ρr ◦ α = pi) and Θ = α∗ΘkM (resp. Θ = α
∗(ΘM)
k
r).
Definition 3.18 Let N be a submanifold of a multisymplectic manifold (P,Ω)
of order k + 1. N is said to be l-isotropic (resp. l-coisotropic, l-lagrangian,
multisymplectic) if TxN is a l-isotropic (resp. l-coisotropic, l-lagrangian, mul-
tisymplectic) vector subspace of the multisymplectic vector space (TxP,Ωx) for
all x ∈ N .
Proposition 3.19
(i) The fibres of ρ : ΛkM −→M (and of ρr : ΛkrM −→M) are 1-isotropic.
(ii) The image of a k-form γ onM (resp. a r-horizontal k-form) is k-lagrangian
if and only if γ is closed.
Proof: It follows from Proposition 3.6.
If γ is a (r-horizontal) closed k-form on M , then (−d(ΘM)
k
r)|Imγ = 0 which
implies that ((ΘM)
k
r)|Imγ is locally closed, say
((ΘM)
k
r)|Imγ = dθ,
and θ is called a generating k-form.
Definition 3.20 A triple (P,Ω,W), where W is a 1-isotropic involutive dis-
tribution on (P,Ω) such that the triple (TxP,Ωx,W(x)) is a multisymplectic
vector space of type (k + 1, 0), for all x ∈ P, will be called a multisymplectic
manifold of type (k + 1, 0).
Theorem 3.21 [21] Let (P,Ω) be a multisymplectic manifold of type (k +
1, 0). Let L be a k-lagrangian submanifold such that TL ∩W|L = {0}. Then
there exists a tubular neighbourhood U of L in P, and a diffeomorphism
Φ : U −→ V = Φ(U) ⊂ ΛkL into an open neighbourhood V of the zero
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cross-section in ΛkL such that Φ∗((ΩkL)|V ) = Ω|U , where Ω
k
L is the canonical
multisymplectic (k + 1)-form on ΛkL.
Remark 3.22 Along the paper, the distribution W and the corresponding
vector bundle pi0 :W −→ P over P will be denoted by the same letter.
Proof:
First of all, we recall the relative Poincare´ lemma, which will be very useful
in what follows.
Lemma 3.23 (Relative Poincare´ lemma) Let N be a submanifold of a
differentiable submanifold M , and let U be a tubular neigbourhood of N with
bundle map pi0 : U −→ N . Notice that pi0 : U −→ N is a vector bundle.
Denote by ∆ the dilation vector field of this vector bundle, and let ϕt be the
multiplication by t. If we define an integral operator on forms on U as follows
I(Ω)p =
∫ 1
0
i∆t ϕ
∗
tΩpdt
where ∆t =
1
t
∆, and p ∈ U , then we have
I(dΩ) + d(IΩ) = Ω− pi∗0(Ω|N)
where Ω|N is the form on N obtained by restricting Ω pointwise to TN (observe
that U can be taken as a normal bundle of TN in M).
Next, we shall prove the following result.
Lemma 3.24 Let (P,Ω,W) be a multisymplectic manifold of type (k + 1, 0).
Let L be a k-lagrangian submanifold of P which is complementary to W (that
is, TL ⊕W|L = TP|L). Then there is a tubular neighbourhood U of L and a
diffeomorphism Φ : U −→ V ⊂ ΛkL where V is an neighbourhood of the zero
section, such that Φ|L is the standard identification of L with the zero section
of ΛkL, and
Φ∗((ΩkL)|V ) = Ω|U .
Proof of Lemma 3.24
Firstly, we define a vector bundle morphism over the identity of L by
φ(w) = −
1
k + 1
iw Ω.
Obviously φ is injective, and since the dimensionality assumptions, we deduce
that φ is in fact a vector bundle isomorphism (see the diagram).
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W ΛkL
L
✲φ
❅
❅
❅
❅❅❘
 
 
 
  ✠
pi0 ρ
Since TP|L = TL⊕W|L, then φ induces a diffeomorphism on a tubular neigh-
bourhood defined by W onto a neighbourhood of L in ΛkL (as usual, the
latter embedding is understood as the identification of L with the zero sec-
tion). We shall denote the restriction of φ to this tubular neigbourhood by f .
Notice that the restriction of f to L is just the identity, so that Tf is also
the identity on TL; on the other hand, Tf restricted to W coincides with φ
because it is fiberwise linear. Using the identifications TP|L = TL⊕W|L and
TΛkL|L = TL ⊕ ΛkL, we have
f ∗ΩkL((v1, w1), . . . , (vk+1, wk+1)) =Ω
k
L((v1, φ(w1), . . . , (vk+1, φ(wk+1))
=
k+1∑
i=1
(−1)i φ(wi)(v1, . . . , vˇi, . . . , vk+1)
=
k+1∑
i=1
1
k + 1
Ω(v1, . . . , wi, . . . , vk+1)
= Ω((v1, w1), . . . , (vk+1, wk+1))
which implies f ∗ΩkL = Ω on L.
Next, we use f to pushforward Ω to obtain a k+1-form Ω1 in a neighbourhood
of L in ΛkL. Using Lemma 3.23 we deduce that Ω1 = dΘ1, where Θ1 = I(Ω1).
Recall that ΩkL = −dΘ
k
L, and
(ΘkL)|L = (Θ1)|L = 0 (3.4)
because of the definition of I. Define
Ωt = Ω
k
L + t(Ω1 − Ω
k
L), t ∈ [0, 1].
Since
(Ωt)|L = (Ω
k
L)|L = (Ω1)|L
is non-singular, and this is an “open condition”, we can find a neighbourhood
of L in ΛkL on which all Ωt are non-singular for all t ∈ [0, 1]. In addition,
WL = ker{Tρ : TΛkL −→ TL} is 1-isotropic for all Ωt, in such a way that
(ΛkL,Ωt,WL) is a multisymplectic manifold of type (k+1, 0), for all t. Notice
that Ω1 − Ω
k
L = d(Θ1 +Θ
k
L).
¿From (3.4) we deduce that there is a unique time-dependent vector field Xt
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taking values in WL (in other words, ρ-vertical) such that
iXt Ωt = −Θ
k
L +Θ1.
Since the vector field Xt vanishes on L, we can find a neighbourhood of L in
ΛkL such that the flow ϕt of Xt is defined at least for all t ≤ 1. Therefore we
have
d
dt
(ϕ∗tΩt) =ϕ
∗
t (LXt Ωt) + ϕ
∗
t (
dΩt
dt
)
=ϕ∗t (diXtΩt) + ϕ
∗
t (Ω1 − Ω
k
L)
=ϕ∗t (−d(Θ1 −Θ
k
L) + Ω1 − Ω
k
L) = 0.
Then we have
ϕ∗1Ω1 = ϕ
∗
0Ω
k
L = Ω
k
L.
But (Xt)|L = 0 implies (ϕt)|L = id|L, and then we deduce that ϕ1 ◦ f gives the
desired local diffeomorphism.
Lemma 3.25 Let (P,Ω,W) be a multisymplectic manifold of type (k + 1, 0).
Let L′ be a k-isotropic submanifold of P which is transversal to W (that is,
TL′ ∩W|L′ = {0}). Then there is a k-lagrangian submanifold L′′ of P which
is complementary to W and contains L′.
Proof of Lemma 3.25:
Since L′ is transversal to W we can choose a submanifold L′′ of U ′ such that
L′ is a deformation retract of L′′, and L′′ is complementary to W. As in
the theorem above, since TP|L′′ = TL
′′ ⊕ W|L′′, then W induces a tubular
neighbourhood of L′′ in the usual way: pi1 : U ′ −→ L′′.
Next, we apply the relative Poincare´ lemma to the restricted form Ω to this
tubular neigborhood. Therefore, there is a k-form µ on U ′ such that
dµ = Ω− pi∗1(Ω|L′′)
(indeed, µ = I(Ω)).
Now, we can repeat the construction developed in the proof of Lemma 3.24
for the k + 1-form dµ. In fact, the mapping ψ : W −→ ΛkL′′ defined by
ψ(u) = −
1
k + 1
(iu dµ) is a vector isomorphism, and it induces a local diffeo-
morphim g : U ′′ ⊂ U ′ −→ g(U ′′) ⊂ ΛkL′′; g restrited to L′′ is the identity, and
ψ on the fibers. Again we can prove
g∗ΩkL′′ = dµ
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since (dµ)|L′′ = 0. Proceeding as in the proof of Lemma 3.24 we can find a local
diffeomorphism Ψ from a tubular neigbourhood V of L′′ onto a neighbourhood
of the zero section of ΛkL′′ which maps L′′ onto the zero section, and such
that
Ψ∗ΩkL′′ = Ω
on V .
Now, if j : L′ −→ L′′ is the natural inclusion, we know that j induces an iso-
morphism in cohomology. Therefore j∗(Ω|L′′) = Ω|L′ = 0 implies [Ω|L′′]DR = 0,
and we deduce that Ω|L′′ = dν, for some k-form ν on L′′. A direct computation
shows now that
L = Ψ−1 ◦ (−ν)(L′′)
is a k-lagrangian submanifold in (P,Ω), and in addition TP|L = TL ⊕W|L.
Corollary 3.26 A multisymplectic manifold (P,Ω,W) of type (k + 1, 0) is
locally multisymplectomorphic to a canonical multisymplectic manifold ΛkM
for some manifold M . Therefore, there are Darboux coordinates around each
point of P.
Proof: We only need to choose a point in Lemma 3.25, and then apply The-
orem 3.21.
Definition 3.27 Let (P,Ω) be a multisymplectic manifold of order k+1. As-
sume that W is a 1-isotropic foliation of (P,Ω), and E is a “generalised distri-
bution” on P in the sense that E(x) ⊂ TxP/W(x) is a vector subspace for all
x ∈ P. Assume that the quadruple (TxP,Ωx,W(x), E(x)) is a multisymplectic
vector space of type (k+1, r), for all x ∈ P. A quadruple (P,Ω,W, E) satisfy-
ing the conditions in Theorem 3.28 will be called a multisymplectic manifold
of type (k + 1, r).
Theorem 3.28 Let (P,Ω,W, E) be a multisymplectic manifold of type (k +
1, r). Let L be a k-lagrangian submanifold such that TL ∩ WL = {0}. Then
there exists a tubular neighbourhod U of L in P, and a diffeomorphism Φ :
U −→ V = Φ(U) ⊂ ΛkrL into an open neighbourhood V of the zero cross-
section in ΛkL such that Φ∗(((ΩL)kr)|V ) = Ω|U , where (ΩL)
k
r is the canonical
multisymplectic (k + 1)-form on ΛkrL.
Proof: The proof is a consequence of the following two lemmas, which are
proved in a similar way to Lemma 3.24 and Lemma 3.25.
Lemma 3.29 Let (P,Ω,W, E) be a multisymplectic manifold of type (k+1, r).
Let L be a k-lagrangian submanifold of P which is complementary to W. Then
there is a tubular neighbourhood U of L and a diffeomorphism Ψ : U −→ V ⊂
ΛkrL, where V is an neighbourhood of the zero section, such that Ψ|L is the
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standard identification of L with the zero section of ΛkrL, and
Ψ∗((ΩL)
k
r)|V ) = Ω|U .
Lemma 3.30 Let (P,Ω,W, E) be a multisymplectic manifold of type (k+1, r).
Let L′ be a k-isotropic submanifold of P which is transversal to W. Then
there is a k-lagrangian submanifold L′′ of P which is complementary to W
and contains L′.
Corollary 3.31 A multisymplectic manifold (P,Ω,W, E) of type (k+1, r) is
locally multisymplectomorphic to a canonical multisymplectic manifold ΛkrM
for some fibration M −→ N . Therefore, there are Darboux coordinates around
each point of P.
Proof: We only need to choose a point in Lemma 3.30, and then apply The-
orem 3.28.
4 Lagrangian and hamiltonian settings for classical field theories
We remit to [1,9,10,13,14,15,16,17,22] for more details.
4.1 Lagrangian formalism
Let piXY : Y −→ X be a fibred manifold, where X is an oriented n-dimensional
manifold with volume form η. We choose fibred coordinates (xµ, yi) on Y such
that
η = dnx = dx1 ∧ · · · ∧ dxn, piXY (x
µ, yi) = (xµ),
where µ = 1, . . . , n, i = 1, . . . , m, and dimY = n+m. The notation
dn−1xµ = i ∂
∂xµ
dnx
will be very useful, since dxµ ∧ dn−1xµ = dnx.
Let L : Z −→ ΛnX be a lagrangian density, that is, L is an n-form on Z
along the canonical projection piXZ : Z −→ X . Therefore, L = Lη, where
L : Z −→ R is a function on Z, and η equally denotes the volume form on X
and its lifts to the different bundles over X .
One constructs an n-form ΘL on Z locally given by
ΘL = (L− z
i
µ
∂L
∂ziµ
)dnx+
∂L
∂ziµ
dyi ∧ dn−1xµ.
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The (n+ 1)-form ΩL = −dΘL is called the Poincare´-Cartan form.
The de Donder equation is
ihΩL = (n− 1)ΩL (4.5)
where h is a connection in the fibred manifold piXZ : Z −→ X .
Indeed, if σ is a horizontal section of a solution h of (4.5) then σ is a critical
section of the variational problem determined by L.
If L is regular (that is, the hessian matrix ∂2L
∂ziµ∂z
j
ν

is regular) then such a section σ is necessarily a 1-jet prolongation, say σ = j1τ ,
where τ is a section of the fibred manifold piXY : Y −→ X .
If h is a solution of equation (4.5) and
h(
∂
∂xµ
) =
∂
∂xµ
+ yiµ
∂
∂yi
+ ziνµ
∂
∂ziν
then we have
ihΩL = (n− 1)ΩL (4.6)
if and only if
(yjν − z
j
ν)
∂2L
∂ziµ∂z
j
ν
=0 (4.7)
∂L
∂yi
−
∂2L
∂xµ∂ziµ
− yjµ
∂2L
∂yj∂ziµ
− zjµν
∂2L
∂zjµ∂ziν
+ (yjν − z
j
ν)
∂2L
∂yi∂zjν
=0 (4.8)
If L is regular, then Eq. (4.7) implies yjν = z
j
ν and Eq. (4.8) becomes
∂L
∂yi
−
∂2L
∂xµ∂ziµ
− zjµ
∂2L
∂yj∂ziµ
− zjµν
∂L
∂zjµ∂ziν
= 0 (4.9)
If h is flat (that is, the horizontal distribution is integrable) and σ : X −→ Z
is an integral section, then σ = j1(piY Z ◦ σ), and (4.9) are nothing but the
Euler-Lagrange equations for L:
∂L
∂yi
−
n∑
µ=1
d
dxµ
(
∂L
∂ziµ
)
= 0. (4.10)
20
4.2 Hamiltonian formalism
Denote by ΛnY the vector bundle over Y of n-forms on Y , and by ΛnrY its
vector subbundle consisting of those n-forms on Y which vanish contracted
with at least r vertical arguments.
We have the short exact sequence of vector bundles over Y
0 −→ Λn1Y −→ Λ
n
2Y −→ Z
∗ = Λn2Y/Λ
n
1Y −→ 0
We choose coordinates as follows:
Λn1Y : (x
µ, yi, p)
Λn2Y : (x
µ, yi, p, pµi )
Z∗ : (xµ, yi, pµi )
since the generic elements in Λn1Y (resp. Λ
n
2Y ) have the form p d
nx (resp.
p dnx+ pµi dy
i ∧ dn−1xµ).
In order to have a dynamical evolution in the hamiltonian setting one need to
choose a hamiltonian form h on Z∗, that is, a section h : Z∗ −→ Λn2Y of the
canonical fibration pr : Λn2Y −→ Z
∗.
The canonical multisymplectic form (ΩY )
n
2 on Λ
n
2Y induces a multisymplectic
form (of the same type)
Ωh = h
∗(ΩY )
n
2 .
If Θh = h
∗(ΘY )
n
2 then Ωh = −dΘh.
Since
(ΩY )
n
2 = −dp ∧ d
nx− dpµi ∧ dy
i ∧ dn−1xµ
and
h(xµ, yi, pµi ) = (x
µ, yi, p = −H(xµ, yi, pµi ), p
µ
i )
(in other words, h = −Hdnx+ pµi dy
i ∧ dn−1xµ) we obtain
Ωh = dH ∧ d
nx− dpµi ∧ dy
i ∧ dn−1xµ (4.11)
Consider a connection h∗ in the fibred manifold piXZ∗ : Z
∗ −→ X , and assume
that
h∗(
∂
∂xµ
) =
∂
∂xµ
+ yiµ
∂
∂yi
+ pνjµ
∂
∂pνj
.
Then
ih∗ Ωh = (n− 1)Ωh (4.12)
if and only if
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yiµ=
∂H
∂pµi
(4.13)
∑
µ
pµiµ=−
∂H
∂yi
(4.14)
If τ : X −→ Z∗ is an integral section of h∗, and τ(xµ) = (xµ, yi(x), pµi ), then
it satisfies the Hamilton equations
∂yi
∂xµ
=
∂H
∂pµi
(4.15)
∑
µ
∂pµi
∂xµ
=−
∂H
∂yi
(4.16)
4.3 The Legendre transformation
Let L be a lagrangian. We define the extended Legendre transformation
legL : Z −→ Λ
n
2Y
by
legL(x
µ, yi, ziµ) = (x
µ, yi, L− ziµ
∂L
∂ziµ
,
∂L
∂ziµ
),
and the Legendre transformation
LegL : Z −→ Z
∗
by LegL = pr ◦ legL. A direct computation shows that L is regular if and only
if LegL is a local diffeomorphism. L is said to be hyperregular if LegL is a
global diffeomorphism. In such case, h = legL ◦ Leg
−1
L is a hamiltonian form
on Z∗.
Since the next diagram
Z Z∗
Y
✲LegL
❅
❅
❅
❅❅❘
 
 
 
  ✠
piY Z piY Z∗
is commutative and Leg∗L(Θh) = ΘL, we deduce that Equations (4.6) and
(4.12) are equivalent. This means that the solutions of both equations are
related by the Legendre transformation.
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5 The multisymplectomorphism α˜
Consider the vector bundle Λn+12 Z with generic elements of the form
aidy
i ∧ dnx+ bµi dz
i
µ ∧ d
nx
This allows us to introduce local coordinates (xµ, yi, ziµ, ai, b
µ
i ) in the manifold
Λn+12 Z.
On the other hand, we shall denote by J1Z∗ the manifold of 1-jets of local
sections of the fibred manifold piXZ∗ : Z
∗ −→ X . We have a canonical projec-
tion
j1piY Z∗ : J
1Z∗ −→ Z
Denote by (xµ, yi, pµi , y
i
ν , p
µ
iν) the induced coordinates on J
1Z∗ respect to piXZ∗ :
Z∗ −→ X , such that
j1piY Z∗(x
µ, yi, pµi , y
i
ν , p
µ
iν) = (x
µ, yi, yiµ).
Define a mapping
α : J1Z∗ −→ Λn+12 Z
by
α(xµ, yi, pµi , y
i
ν , p
µ
iν) = (x
µ, yi, yiµ,
∑
µ
pµiµ, p
µ
i ).
The mapping α is a surjective submersion, or in other words, α : J1Z∗ −→
Λn+12 Z is a fibred manifold. In order to obtain a diffeomorphism, we need to
“reduce” the manifold J1Z∗. To do that, we introduce the following equiva-
lence relation:
j1xσ1 ≡ j
1
xσ2 if and only if they have the same divergence,
which in local coordinates (xµ, yi, pµi , y
i
ν, p
µ
iν) and (x
µ, y¯i, p¯µi , y¯
i
ν , p¯
µ
iν) means
y¯i = yi, p¯µi = p
µ
i , y¯
i
ν = y
i
ν ,
∑
µ
p¯µiµ =
∑
µ
pµiµ.
The corresponding quotient manifold will be denoted by J˜1Z∗, and we have a
fibration p˜r : J1Z∗ −→ J˜1Z∗. The induced mapping
α˜ : J˜1Z∗ −→ Λn+12 Z
is a diffeomorphism, and we have an induced projection
j˜1piY Z∗ : J˜1Z∗ −→ Z
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Therefore, we can transport the canonical multisymplectic (n+ 2)-form
(ΩZ)
n+1
2 = −d(ΘZ)
n+1
2 on Λ
n+1
2 Z to J˜
1Z∗ such that (J˜1Z∗,Ωα) is a multisym-
plectic manifold, where Ωα = α˜
∗((ΩZ)
n+1
2 ).
Remark 5.1 Following the terminology introduced by W.M. Tulczyjew in
the symplectic context, and accordingly to Definition 3.17, we could call
(J˜1Z∗,Ωα) a special multisymplectic manifold, since it is multisymplectomor-
phic to a bundle of forms, and the multisymplectic (n+2)-form is Ωα = −dΘα
(where Θα = α˜
∗((ΘZ)
n+1
2 ). In addition, the following diagram is commutative:
J˜1Z∗ Λ
n+1
2 Z
Z
✲α˜
❅
❅
❅
❅❅❘
 
 
 
  ✠
j˜1piY Z∗
piZΛn+1
2
Z
Let L : Z −→ ΛnX be a lagrangian density, that is, L is an n-form on Z along
the projection piXZ : Z −→ X .
We put
NL = {u ∈ J˜
1Z∗|
(
j˜1piXZ∗
)∗
(dL)u = (Θα)u}
Theorem 5.2 NL is a (n+1)-lagrangian submanifold of the multisymplectic
manifold (J˜1Z∗,Ωα). In addition, the local equations defining NL are just the
Euler-Lagrange equations for L, where L = Lη.
Proof: ¿From the definition it follows that
α˜(NL) = im dL,
In addition, we have
(ΘZ)
n+1
2 = aidy
i ∧ dnx+ bµi dz
i
µ ∧ d
nx
α∗((ΘZ)
n+1
2 )= p
µ
iµdy
i ∧ dnx+ pµi dy
i
µ ∧ d
nx
dL=
∂L
∂yi
dyi ∧ dnx+
∂L
∂ziµ
dyiµ ∧ d
nx.
Since
(j˜1piXZ∗)
∗(dL) = Θα
if and only if
p˜r∗(j˜1piXZ∗
∗
(dL)−Θα) = 0
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which is in turn equivalent to
(j1piXZ∗)
∗(dL) = α∗(ΘZ)
n
2 ,
we deduce that NL is locally defined by
∑
µ
pµiµ=
∂L
∂yi
(5.17)
pµi =
∂L
∂ziµ
(5.18)
Equations (5.17) imply that α˜(NL) = Im dL, and hence NL is a (n + 1)-
lagrangian submanifold of (J˜1Z∗,Ωα).
Furthermore, we have
∑
µ
pµiµ =
∑
µ
∂
∂xµ
(
∂L
∂ziµ
) =
∂L
∂yi
which are just the Euler-Lagrange equations for L.
6 The multisymplectomorphism β˜
Recall that there exists a one-to-one correspondence between connections in
the fibred manifold piXZ∗ : Z
∗ −→ X and sections of the 1-jet prolongation
piZ∗J1Z∗ : J
1Z∗ −→ Z∗. (At a pointwise level we have a one-to-one correspon-
dence between horizontal subspaces in the fibred manifold piXZ∗ : Z
∗ −→ X
and 1-jets in J1Z∗.)
Define a mapping
β : J1Z∗ −→ Λn+12 Z
∗
as follows: given a connection h∗ in the fibred manifold piXZ∗ : Z
∗ −→ X , we
take the (n + 1)-form
β(h∗) = ih∗ Ωh − (n− 1)Ωh.
An arbitrary (n + 1)-form in Λn+12 Z
∗ is written as
Aidy
i ∧ dnx+Biµdp
µ
i ∧ d
nx
so that we can introduce local coordinates (xµ, yi, pµi , Ai, B
i
µ) on Λ
n+1
2 Z
∗.
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If we put
h∗(
∂
∂xµ
) =
∂
∂xµ
+ yiµ
∂
∂yi
+ pνjµ
∂
∂pνj
or, equivalently,
h∗(xµ, yi, pµi ) = (x
µ, yi, pµi , y
i
µ, p
ν
jµ)
(when h∗ is considered as a section of J1Z∗ −→ Z∗), then a straightforward
computation shows that
β(xµ, yi, pµi , y
i
µ, p
ν
iµ) = (x
µ, yi, pµi ,
∑
µ
pµiµ +
∂H
∂yi
,−yiµ +
∂H
∂pµi
).
The mapping β is a surjective submersion. Thus, in order to have a diffeomor-
phism we consider the induced mapping β˜ : J˜1Z∗ −→ Λn+12 Z
∗. Therefore we
obtain a commutative diagram
J˜1Z∗ Λ
n+1
2 Z
∗
Z∗
✲β˜
❅
❅
❅
❅❅❘
 
 
 
  ✠
ρ˜ piZ∗Λn+1
2
Z∗
where ρ˜ : J˜1Z∗ −→ Z∗ is the induced projection from the canonical one
ρ : J1Z∗ −→ Z∗.
Define a (n+ 1)-form Θβ on J˜1Z∗ as Θβ = β˜
∗((ΘZ∗)
n+1
2 ). Therefore, the pair
(J˜1Z∗,Ωβ), Ωβ = −dΘβ, is a multisymplectic manifold of type (n + 2, 2).
Remark 6.1 It should be noticed that pair (J˜1Z∗,Ωβ) is a special multisym-
plectic manifold.
Theorem 6.2 Let h∗ be a solution of the de Donder equation. Then the pro-
jection Nh of the image of h∗ by p˜r is a (n+1)-lagrangian submanifold of the
multisymplectic manifold (J˜1Z∗,Ωβ). In addition, the local equations defining
Nh are just the Hamilton equations for h.
Proof:
Since
(ΘZ∗)
n+1
2 = Aidy
i ∧ dnx+Biµdp
µ
i ∧ d
nx
we have
β∗((ΘZ∗)
n+1
2 ) = (p
µ
iµ +
∂H
∂yi
)dyi ∧ dnx+ (−yiµ +
∂H
∂pµi
)dpµi ∧ d
nx.
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Therefore, the projection Nh of the image of h∗ by p˜r is just the inverse
image of the zero-cross section of Λn+12 Z
∗, and hence it is a (n+1)-lagrangian
submanifold of (J˜1Z∗,Ωβ).
The second part of the theorem follows directly from the preceding discussion.
7 Relating α˜ and β˜
The above constructions are collected in the following diagram:
Λn+12 Z J˜1Z∗ Λ
n+1
2 Z
∗
Z∗Z
✲✛ β˜α˜
❅
❅
❅
❅❅❘
 
 
 
  ✠
❅
❅
❅
❅❅❘
 
 
 
  ✠
ρ˜ piZ∗Λn+1
2
Z∗j˜1piY Z∗
piZΛn+1
2
Z
Since
p˜r∗(Θα) = p
µ
iµdy
i ∧ dnx+ pµi dy
i
µ ∧ d
nx
p˜r∗(Θβ) = (p
µ
iµ +
∂H
∂yi
)dyi ∧ dnx+ (−yiµ +
∂H
∂pµi
)dpµi ∧ d
nx
we deduce that
p˜r∗(Θα −Θβ) = dh−
(
yiµdp
µ
i + p
µ
i dy
i
µ
)
∧ dnx
= dh− d(pµi y
i
µ) ∧ d
nx
= d
(
h− (pµi y
i
µ) ∧ d
nx
)
which implies that Ωα = Ωβ.
Theorem 7.1 Let L be a regular lagrangian, and assume that h = legL ◦
(LegL)
−1. Then NL = Nh.
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